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� ow readouts can be provided that accountfor variationsof all mea-
sured parameters.
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Introduction

T URBULENT shear layers are known to be very sensitive to
the imposition of a system rotation.The classic experimentsof

Johnstonet al.,1 for example, conductedin a channel rotated about a
spanwiseaxis, show that the turbulenceis augmentedon thepressure
side and diminished on the suction side, relative to the nonrotating
� ow. At high rates of rotation, turbulenceis extinguishedaltogether
on the suction side, and the � ow is seen to assume a laminar-like
state. Effects such as these have highlighted serious shortcomings
in eddy-viscosity-based closures as these, in most cases, contain
no explicit dependence on rotation.2 Such a dependence is present
in the exact equations for the Reynolds stresses, and thus closures
based on the solution of either the algebraic3 or the differential4

forms of these equationscan be relied on to reproduce,qualitatively
at any rate, the correct response to a system rotation. In this Note,
we consider certain aspects of modeling the effects of a system
rotationon the Reynolds-stressequationsand put forwardproposals
for extending the applicabilityof existing pressure-strainmodels to
rotating coordinate systems. We check the proposals by computing
a fully developed fUi D [U .y/; 0; 0]g turbulent � ow inside a long,
straight channel subjected to rotation about a spanwise axis, i.e.,
Äi D .0; 0; Ä/. The channel has an in� nite aspect ratio, and so
no secondary � ows are generated. Comparisons are made with the
experimental data of Johnston et al.1 and with the recent direct
numerical simulations of Kristoffersen and Andersson.5 Interest in
this � ow stems from its being numerically trivial to represent yet
one that is representativeof many practically relevant � ows whose
behavior is strongly dominated by a system rotation.6;7 This study
extends the validation to higher rotation rates than hitherto reported
in the literature and, in doing so, obtains a somewhat unexpected
result.
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Present Proposal
The equation for the Reynolds stresses in a rotating frame of

reference are
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We focus here on modeling the � uctuating pressure-strain correla-
tions term 8i j in the precedingequation.The explicit appearanceof
the � uctuating pressure can be eliminated by taking the divergence
for the � uctuating velocityu i , thus obtaininga Poisson equation for
p0. With the assumption of homogeneous turbulence, the solution
to this equation can be expressed as
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It is immediately clear that the effects of rotationmust be accounted
for explicitly in the models for 8i j . These models are fairly well
established for stationary � ows, and the question that arises here is
how best to extend these to � ows with a system rotation. In address-
ing this question, note that, in a rotating frame, both Pi j and G i j

(quantities that commonly appear in the models for 8i j ) are depen-
dent on the frame’s rotation rate, whereas turbulence is, of course,
entirely independent of the choice of coordinates system used to
analyze the � ow. A primary requirement in the model, therefore, is
that it should yield identical results irrespectiveof whether it is used
in conjunction with a � xed or rotating frame of reference. In this
connection, it is helpful to discard the traditional, term-by-term ap-
proach to modeling 8i j in favor of a more widely based formulation
that recognizes that a complete model for 8i j may be obtained as
a combination of terms involving the turbulence anisotropybi j , the
mean rate of strain tensor Si j , and the mean vorticitytensor Wi j , viz.,
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Thus the linear model of Launder et al.8 (hereafter LRR), its sim-
pli� cation (LRR-IP), and the quadratic model of Speziale et al.9
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Table 1 Coef� cients of the LRR and SSG pressure-strain models

Model C1 C¤
1 C2 C3 C¤

3 C4 C5

LRR 3.0 0 0 0.8 0 1.75 1.31
LRR-IP 3.6 0 0 0.8 0 1.20 1.20
SSG 3.4 1.8 4.2 0.8 1.3 1.25 0.4

(hereafter SSG) can now be recovered simply by assigning appro-
priate values to the various coef� cients (Table 1).

All of the pressure-strain models that can be represented by
Eq. (3) can now be extended to a rotating frame of referenceby rec-
ognizing that the rate of strain tensor is a frame-indifferent tensor
(and is thus independentof Äi ) but that the vorticity tensor depends
on themotionof the frameof reference.Thus, to obtaina coordinate-
independentformulation, the vorticity tensor that appears in Eq. (3)
should be replacedby the intrinsic spin tensor W ¤

i j , i.e., the vorticity
tensor relative to an inertial frame of reference.10;11 This is de-
� ned as

W ¤
kl D Wkl C ²mkl Äm (5)

The precedingis a generalizationof existingpressure-strainmodels
to � ows subjected to all modes of rotation. Examples of practically
relevant � ows that can thus be analyzed would therefore include
those in noncircularducts rotated about their longitudinalaxis6 and
those in circular pipes rotated about an external axis.7

Results and Discussion
We check the rotating-frameformulationof both the LRR-IP and

SSG models. The LRR-IP model is used in conjunction with stan-
dard wall re� ection corrections. These are recognized to be trou-
blesome in complex geometries, and often, as was the case here,
their in� uence does not diminish rapidly with distance from the
wall. In contrast, the SSG model, being properly calibrated for
homogeneous shear � ow,12 is used without such corrections, its
performance in simple wall-bounded � ows being indistinguishable
from that of the LRR models. Closure of Eq. (1) is completed
by neglecting the pressure diffusion term and by adopting a sim-
ple gradient-transportmodel for the turbulence triple correlations.
Further, isotropic dissipation is assumed, and the scalar turbulence
energy dissipation rate is obtained from the solution of the stan-
dard equation. In obtaining the predictions that follow, convection
was dropped from all equations, whereas cross-stream diffusion
was evaluated by second-order-accurate central differencing. The
streamwise momentum equation reduces to a balance between tur-
bulenttransportand the reducedpressuregradient,which is constant
across the channel and is calculated, iteratively, from global mass-
� ow considerations.The computational grid consisted of 90 nodes
unevenly distributed across the channel. The results are indistin-
guishable from those obtained with a grid of 50 nodes.

Comparisons are made with the experimental data of Johnston
et al.1 for a Reynolds number (´Ubulk H=º) of 11:5 £ 104 and a
rotation number N (´ÄH=Ubulk ) of 0.068 and 0.21. The predicted
and measured cross-streamdistributionsof streamwise velocity are
compared in Fig. 1. Also plotted there are Laufer’s measurementsin
a stationary � ow at Re D 5:2 £ 104 . The effects of rotation are such
that the turbulenceactivityis enhancedon the (destabilized)pressure
side—and diminished on the (stabilized) suction side—relative to
the stationary channel. The outcome, as can be seen from Fig. 1, is
a highly nonsymmetric velocity distribution that is predicted fairly
well by both models, for small N at any rate.

The predicted and measured values of the wall friction veloc-
ity (normalized by the zero rotation value) on the pressure and
suction sides are presented in Fig. 2. Also plotted there are the
low-Reynolds-numberdirect numerical simulation (DNS) results.5

The effects of rotation on the friction velocity are what might at
� rst be expected. On the destabilized pressure side, the wall shear
stress initially rises and then appears to reach a saturated level at
N ¼ 0:08. On the stabilized suction side, the wall shear stress falls
rapidly below the stationary-channel levels, and then at N ¼ 0:08
in the experiments, it appears to collapse in a manner suggesting
the occurrence of reverse transition. There is little agreement be-

Fig. 1 Effects of rotation on channel mean velocity.

Fig. 2 Variation of friction velocity with rotation: ——, predictions
(Re = 3:5 £ £ 104); - - - -, predictions (Re = 1:15 £ £ 104 ); , DNS (Ref. 5);
and , data (Ref. 1).

tween the measurementsand the DNS results, even after taking into
consideration the differences in the respective Reynolds numbers.
Turbulence closures, such as the present, that utilize the wall func-
tion approach cannot predict the rapid collapse nor, incidentally, is
this behavior better reproduced by low-Reynolds-numberversions
of these models (e.g., Ref. 13).

Figure 2 revealsa somewhatsurprisingbehaviorfor the wall shear
stress on the pressure side. This quantity, after initially increasing
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fairly rapidly with N , reaches what appears to be a saturated state
before actually beginning to fall with increasing N . At values of
N ¸ 0:4, the wall shear stress is reduced to levels below that of the
stationarychannel.The literaturedoes not containa referenceto this
unexpectedbehaviorat high N , but this is not surprisingbecause all
of the previous calculations seem to be con� ned to N · 0:15.

Inspectionof the shear-and rotation-productionterms in the equa-
tion for uv provides a possible explanation for this behavior. These
terms appear in that equation as
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The quantity .u2 ¡v2/, althougheverywherepositive in a stationary
channel, changes sign at high rates of rotation. Once this occurs,
the rotation-productionterm becomes a sink in the uv equation,and
this will act to reduce this quantity with increasing N . The DNS
results support this interpretation: For N D 0:5, they show the dif-
ference in normal stresses to be negative over 63% of the channel
cross section, with the levels of both the turbulence kinetic energy
k and the structural parameter (uv=k) actually falling below their
levels at N D 0:15. The causes of the exaggerated model behavior
are not clear: It is possible that the pressure-strain models are not
responding properly to the effects of high rotation or that the con-
tribution of the pressure diffusion term can no longer be neglected
in such conditions. Clearly, further work is needed to clarify this
unexpected behavior.

Concluding Remarks
The applicability of linear and quadratic models for the � uctuat-

ing pressure-strain correlations is extended to � ows with a system
rotationby using the intrinsic spin tensor in place of the coordinate-
dependent vorticity tensor. The extension is tested here for � ow in
a channel rotated about its spanwise axis but is equally applicable
to all other models of rotation.
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Nomenclature
a = speed of sound
cv = speci� c heat at constant volume
Gmn = shock-perturbationfactor
K± = hypersonic similarity parameter, M1±
M1 = freestream Mach number
P = pressure
S = speci� c entropy
W = azimuthal velocity perturbation
¯ = semivertex angle of the unperturbed shock
° = ratio of speci� c heat (1.4 for air)
± = semivertex angle of the unperturbed cone
" = perturbationparameter (extremely small)
½ = density
¾ = shock relation, ¯=±

Subscripts

m = mth term in expansion
n = nth term in expansion
0 = zeroth-order, unperturbed � ow quantities

Introduction

R EGARDING the development of the vortical layer problem,
Ferri1 proposedthe vortical layer concept and analyticallyver-

i� ed the invalidity of Stone’s2 results in an extremely thin vortical
layer near the cone surface. This extremely small layer is required
to adjust the entropy value from the outer solution to equalize the
entropy value on the cone surface. Munsun3 used the asymptotic
matching principle and obtained uniformly valid solutions for the
entire � ow� eld. He also found the azimuthal velocity and pressure
in the outer expansion uniformly valid in the � rst-order perturba-
tion. In 1985, Rasmussen4 analyzed the shock layer in conical � ow
with transversecurvature.For innerexpansion,he appliedMunson’s
suggestion3 of coordinateparameters and successfullyobtained the
analytical results for the vortical layer in the perturbed � ow. Also,
by using the matching method, the outer solutions and inner solu-
tions are completely matched as the composite solutions,which are
uniformly valid in the whole shock layer.

Recently, Lin and Rasmussen5 combined the effects of longitudi-
nal and transversecurvaturesof conical � ow and proceededto carry
out an outer perturbation expansion. Because the outer expansion
solutions are not uniformly valid in the shock layer, however, the
outcome near the conical body surface remains defective.To inves-
tigate the vortical layer near the cone surface for a conical bodywith
multidirectional curvature, this study intends to discover uniformly
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